Optical spectra are calculated in semiconducting carbon nanotubes in the presence of magnetic flux and strain within a k·p scheme. The exciton absorption energies show an extra logarithmic dependence on the diameter after being scaled by the inverse diameter, coming from that of the enhancement of the band gaps. The exciton binding energy remains almost independent of the extra dependence. The ratio of the absorption energies of the first and second bands is ∼ 1.8 for the wide range of the effective interaction parameter. By the Coulomb interaction, the Aharonov-Bohm splitting in small magnetic flux is enhanced (5-10 %) and the shift due to strain is also enhanced (10-20 %).
§1. Introduction
A carbon nanotube (CN) was first discovered by Iijima in 1991.
1) It consists of rolled two-dimensional (2D) graphite sheets and its electronic states change critically from metallic to semiconducting depending on its tubular circumferential vector. The characteristic properties were first predicted by calculations in tightbinding models 2−10) and successfully reproduced in a k · p scheme or an effective-mass approximation.
11,12)
The purpose of this work is to present optical absorption spectra of semiconducting nanotubes in the presence of Aharonov-Bohm (AB) flux and strain calculated within a k ·p scheme with a careful treatment of the diameter dependence through a cutoff energy.
Experimentally, the one-dimensional electronic structure of CN was directly observed by scanning tunneling microscopy and spectroscopy 13, 14) and the resonant Raman scattering. 15) Optical absorption spectra reflect the band structure directly, 16, 17) though excitonic effects can be important. 18, 19) Quite recently, optical absorption and photoluminescence of individual nanotubes were observed. 20−23) Splitting of the absorption and emission peaks due to AB effect associated with magnetic flux passing through the cross section was observed also.
24)
Mechanical deformation is known to modify the band gap. 25, 26) In fact, the presence of a lattice distortion can be incorporated in the k·p scheme as an effective flux. 27, 28) The conductance of some randomly sampled individual tubes was measured under AFM assisted deformation. 29, 30) Large strain-induced shift of optical spectra was observed also under hydrostatic pressure and strain induced by the nanotube environment. 31, 32) In a previous work, 33) effects of the Coulomb interaction on the band structure were evaluated within a conventional screened Hartree-Fock approximation and shown to enhance the band gap considerably. It was shown further that the exciton effect is extremely important because of the one-dimensional nature of the nanotube. The optical spectra in the presence of magnetic flux were explicitly calculated in metallic nanotubes but not in semiconducting tubes.
A later calculation of quasi-particle energies using a full dynamical random-phase approximation, 34, 35) which is often called the GW approximation, 36) showed that the screened Hartree-Fock approximation works sufficiently well in semiconducting nanotubes and in metallic nanotubes apart from bands with a linear dispersion. It was demonstrated, however, that the self-energy shift depends on the cutoff energy, leading to an extra logarithmic dependence on the diameter. The importance of this cutoff dependence was overlooked by the previous calculation, particularly, for higher bands.
33)
Quasi-particle spectra of nanotubes were calculated using a first-principles GW method, 37) and calculations were performed also for optical absorption spectra with the inclusion of excitonic final state interactions. 38, 39) However, these calculations are limited to nanotubes with very small diameter including those grown in a special method. 40) There have been some reports on a phenomenological description of excitons in nanotubes also. 41, 42) In this paper, we shall calculate optical absorption spectra in the presence of a magnetic flux and strain in semiconducting carbon nanotubes within a k·p scheme by taking into account the cutoff dependence carefully. In §2, the k·p scheme is reviewed very briefly for the description of energy bands, exciton effects, and optical spectra, as details were already described previously.
Numerical results are presented in §3 and effects of strain are discussed in §4. The results are discussed and compared with experiments in §5. A short summary is given in §6. Effects of trigonal warping and finite curvature, not taken into account in the lowest order k·p scheme, are discussed in Appendices A and B, respectively. §2. Effective-Mass Approximation Figure 1 shows the lattice structure of 2D graphite, the first Brillouin zone, and the coordinate system in a nanotube. In a graphite sheet the conduction and
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valence bands consisting of π states cross at K and K' points of the Brillouin zone, where the Fermi level is located. 43) Electronic states of the π-bands near a K point are described by the k·p equation: 11, 44) γ(σ xkx +σ yky )F (r) = εF (r), (2.1) where γ is a band parameter, σ x and σ y are the Pauli spin matrices, andk = (k x ,k y ) is a wave-vector operator. The structure of CN is specified by a chiral vector L corresponding to the circumference as shown in Fig. 1 . It is written as L = n a a+n b b in terms of two integers n a and n b , where a and b are the primitive translation vector of a graphite sheet. In the following we shall choose the x axis in the circumference direction and the y axis in the axis direction, i.e., L = (L, 0), where L is the circumference. The angle η between L and the horizontal axis is called the chiral angle. Electronic states of CN with a sufficiently large diameter are obtained by imposing the boundary conditions around the circumference direction:
with ϕ = φ/φ 0 , where φ is an AB magnetic flux passing through the cross section of CN and φ 0 = ch/e is the magnetic flux quantum. Further, ν is an integer determined uniquely as ν = 0 or ±1 from n a +n b = 3M+ν with integer M . The energy bands are specified by s = ±1, integer n corresponding to the discrete wave vector along the circumference direction, and the wave vector k in the axis direction, where s = −1 denotes the valence band and +1 the conduction band. The wave function for a band associated with the K point is written as
3) where A is the length of CN,
and
The corresponding energy is given by
The equation for the K' point is obtained by replacingk y by −k y and the boundary conditions ν by −ν. Correspondingly, we have κ νϕ (n) = κ −νϕ (n) and
Aharonov-Bohm Effect
The interband optical absorption corresponding to the states in the vicinity of the K and K' points can be observed only for the light polarization parallel to the CN axis. 45, 46) Further, for the parallel polarization transitions are allowed only between bands with same n. The corresponding band gap is given by ε K G (n) = 2γ|κ νϕ (n)| for the K point and by ε K G (n) = 2γ|κ νϕ (n)| for the K' point, respectively.
Consider a semiconducting nanotube with ν = 1, for example. For a small magnetic flux ϕ 1, the lowest conduction band and highest valence band are given by n = 0 for both K and K' points. At the K point,
and the corresponding band gap is given by ε K Gϕ (0) = (2/3)(2πγ/L)(1 − 3ϕ). At the K' point, on the other hand, κ νϕ (0) = (2π/L)[(1/3)+ϕ] and the corresponding band gap is given by ε K Gϕ (0) = (2/3)(2πγ/L)(1 + 3ϕ). Therefore, the band gaps of the K and K' points, degenerate in the absence of ϕ, split in the presence of ϕ. The splitting is proportional to the flux, i.e.,
The second conduction and valence bands are given by n = +1 for the K point and n = −1 for the K' point. The corresponding band gaps are given by ε
. The amount of the splitting is same as that of the lowest gap, but the direction is different, i.e.,
The results for ν = −1 can be obtained by exchanging K and K' points. 
Exciton and Quasi-Particle Energy
The exciton states are described by the many-body wave function
where |g is the ground-state wave function, and c s,n,k and c † s,n,k are the annihilation and creation operator, respectively. The equation of motion for ψ n (k) is written as
11) where I n (t) and K n (t) are the modified Bessel function of the first and second kind, respectively, ε |n−m| (q) is the static dielectric function, and κ is a static dielectric constant to be discussed below. Further, ∆ε nk is the difference of the self-energy of the conduction and valence band. In the screened Hartree-Fock approximation, it is given by
(2.12) with g 0 (ε) being the cutoff function given by
This function contains two parameters α c and ε c and should be chosen in such a way that only the contributions from states in the vicinity of the Fermi level, where the k·p scheme is valid, should be included. The result can be sensitive to the cutoff energy ε c as will be discussed below, but is essentially independent of the parameter α c as long as the cutoff function decays smoothly but rapidly enough.
Dynamical Conductivity
The optical absorption is described by the dynamical conductivity σ yy (ω). The dynamical conductivity for the K point is given by
14)
where broadening described by a phenomenological relaxation time τ has been introduced and
The dynamical conductivity in which the Coulomb interaction is completely neglected can be calculated by putting ψ (u) n (k) = δ u,nk with ε u = 2γ κ νϕ (n) 2 +k 2 . In the limit τ →∞, we have
16) where θ(t) is a step function defined by θ(t) = 1 for t > 0 and 0 for t < 0. The total conductivity can be obtained by adding the contribution of the K' point and then by multiplying factor two corresponding to the electron spin.
As can be understood in eq. (2.14), the intensity of the absorption is proportional to | u|v y |g | 2 /ε u . Following a convention in free-electron systems characterized by mass m * , we shall introduce a dimensionless oscillator strength
where m * is chosen as the effective mass of the bottom of the lowest conduction band, i.e.,
In free-electron systems the oscillator strength satisfies the f sum rule, u f u = 1. In the present case, however, this sum rule is not satisfied because the electron motion is governed by Weyl's equation for massless neutrino. As will be shown below, f u ∼ 1 for the lowest exciton.
In nanotubes with ν = 1, for example, the energy of the lowest exciton at the K point decreases and that at the K' point increases in proportion to ϕ in the presence of a small magnetic flux φ. Correspondingly the oscillator strength f 0 increases and decreases at the K point and K' point, respectively, in proportion to ϕ, i.e.,
In general, in the presence of magnetic flux, the intensity increases or decreases depending on whether energy decreases or increases.
Effective Coulomb Energy and Cutoff
In the k·p scheme, all physical quantities become universal if the length is scaled by L and the energy by 2πγ/L, as long as the cutoff parameter ε c is fixed. The strength of the Coulomb interaction is specified by (e 2 /κL)/(2πγ/L), which turns out to be independent of the circumference L. This parameter is estimated as follows for γ = 6.46 eV·Å, which corresponds to γ = √ 3a|γ 0 |/2 with nearest-neighbor transfer integral γ 0 = 3 eV and a = 2.46Å:
The static dielectric constant κ describes contributions from states except those lying in the vicinity of the Fermi level (π and σ bands and core level) and also polarization of surrounding materials.
In bulk graphite we have κ ≈ 2.4. 47) In nanotubes, this simple constant screening is a rough approximation because of the cylindrical form with hollow vacuum inside and surrounding material outside. Therefore, κ will be treated as a parameter in the following. As long as κ is independent of L, the interaction parameter is independent of the CN diameter and therefore the band gap and also the exciton binding energy are inversely proportional to the circumference length L or the diameter d = L/π for a fixed cutoff.
In many cases a finite result is obtained even if we let the cutoff-energy infinite at the final stage. Typical examples can be found in problems of magnetic properties, 48, 49) spontaneous in-plane Kekule and out-ofplane lattice-distortions, 50, 51) and acoustic-phonon distortion. 52) In the case of scattering by strong short-range scatterers such as lattice vacancies 53) and Stone-Wales defects, 54) and localized eigenstates in nanotube caps 55) results are quite sensitive to the choice of the cutoff. In such cases, the cutoff should be chosen as ε c ∼ 3γ 0 corresponding to the π band width of the 2D graphite. This leads to ε c (2πγ In the following numerical results we shall confine ourselves to semiconducting nanotubes with ν = 1. Results for ν = −1 can be obtained by exchanging the role of the K and K' points as mentioned already. Figure 3 shows the band gaps and the lowest exciton absorption energies associated with fundamental and second gaps as a function of the effective Coulomb energy (e 2 /κL)(2πγ/L) −1 in the absence of magnetic flux. A dominant feature is the enhancement of the band gaps with the increase of the interaction strength. The binding energy of excitons increases with the interaction but remains smaller than the band-gap enhancement. As a result, the absorption energies become higher than the band gap without interaction. Further, interaction effects on the band gap and the exciton binding energy are larger for the second band than for the first band. These features are qualitatively the same as those of the previous results.
Excitation Spectra
33)
There is a significant dependence on the cutoff energy ε c in particular for the excited bands, however. The previous calculations 33) correspond to a very small cutoff. This cutoff-dependence is mostly due to the dependence of the self-energy shift. Therefore, the excitation spectra should exhibit a weak logarithmic dependence on the diameter d if being scaled by 2πγ/L. The binding energy of the exciton can be obtained quite well by including only the relevant bands with same n because interband mixing is sufficiently small as discussed below. Therefore, it is determined by the effective mass of the bands. In the absence of interaction the effective mass of the second band is twice as large as that of the first band, leading to the larger binding energy for the second band. A closer look of the results reveals that the binding energy becomes slightly smaller with the increase of the cutoff energy. This is the direct consequence of the increase of interband screening effects because more bands contribute to the screening. A small reduction of the effective mass due to interaction and its slight dependence on the cutoff also contributes to this dependence. Figure 4 shows the ratio of the excitation energies for the first and second gap as a function of the effective Coulomb energy. The ratio of the absorption energies decreases from 2 to ∼ 1.8 with the increase of the Coulomb energy, while that of the band gaps decreases much more strongly. It is noteworthy that the ratio is almost independent of the cutoff parameter. This ratio ∼ 1.8 except in the case of small interaction parameter explains the existing experiments quite well as will be discussed in §5. Figure 5 shows some example of the exciton wave function. The position of a hole is fixed at the origin (x, y) = (0, 0) and the amplitude of an electron is shown along the x direction parallel to the axis and for several values of y along the circumference. The amplitude is essentially independent of the circumference except in the extreme vicinity of the hole, showing that interband mixing effects are not important and the exciton is extended well in the circumference direction. 
Aharonov-Bohm Effect
Absorption Spectra
Some examples of the absorption spectra are shown in Fig. 8 for ε For this cutoff energy, the shift of the exciton peak from the density-of-states peak in the absence of interaction is larger for the second band than for the first band, which is different from the result shown in ref. 33 corresponding to very small cutoff. In the case of small flux φ/φ 0 = 0.05 [ Fig. 8(b) ], the exciton peaks for the K and K' points split almost in proportion to the flux. The amount of the splitting is about the same for the first and second bands and is slightly (∼ 10 %) enhanced over that in the absence of interaction as has been shown in Fig. 7 .
In the vicinity of φ/φ 0 = 1/6 as shown in Fig. 8(c) , excitons associated with n = 0 and n = −1 at the K' point become close to each other. Interband mixing of excitons is usually small as has been shown in Fig. 5 and to the lowest order the wave function satisfies eq. (2.11) in which terms with m = n are retained. This shows that the wave function ψ n (k) depends on n only through the band gap ∝ |κ νϕ (n)| and therefore its symmetry is independent of n. When κ νϕ (n) = −κ νϕ (m), the bandgaps with n and m cross each other and the excitons associated with n and m form bonding and anti-bonding states due to residual interaction. Usually, the bonding combination (|n + |m )/2 has a lower energy than the antibonding (|n −|m )/2.
As shown in eq. (2.15), the optical matrix element is proportional to κ νϕ (n). Because the crossing of the band gaps occurs when κ νϕ (n) = −κ νϕ (m), the optical intensity for the bonding state vanishes just at the crossing. On the other hand, the optical intensity becomes maximum for the anti-bonding state and the sum of the two intensities is the same as the sum of the intensities when exciton mixings are completely neglected. In the presence of the broadening, however, this anomalous behavior of excitons is likely to be washed out completely.
As shown in Fig. 8(d) , the absorption energy of the K point becomes extremely small in the vicinity of φ/φ 0 = 1/3. At the same time, the binding energy of the exciton of the K' point becomes small due to the large screening by near-metallic electrons at the K point. The amount of the splitting is about the same for the first and second bands and is slightly (about 10 %) enhanced over that in the absence of interaction as has been shown in Fig. 7 . Figure 8 (b) shows that the optical intensity of the exciton with lower energy at the K point becomes larger than that with higher energy at the K' point. The behavior corresponds to eq. (2.19). Figure 9 showsf M 0 characterizing the flux dependence of the intensity and f 0 . The coefficientf M 0 and the zero-flux intensity f 0 are essentially independent of the effective Coulomb energy and the cutoff energy except when the interaction or the cutoff is extremely small. The result that the intensity of a low energy peak has higher intensity than that of a higher energy peak in the presence of flux (valid also for the second exciton) is consistent with experimental results, 24, 56, 57) but a quantitative comparison is again not feasible.
§4. Effects of Strain
The presence of a lattice distortion (u x , u y , u z ) causes a shift ink x andk y in the k·p Hamiltonian.
25−27,58,59)
The shift in the x direction can be replaced by an effective magnetic flux (its signature is opposite between the K and K' points). 27, 28) The flux for the K point is written as
where u µν (µ, ν = x, y) denotes the lattice strain given by
2) with R = L/2π being the CN radius, and g 2 is the electron phonon interaction energy given by g 2 = (α/2)γ 0 with α ∼ 1.
27,28) This shows that twist and stretch deformation give rise to flux in armchair η = π/6 and zigzag (η = 0) nanotubes, respectively.
The critical difference lies in the fact that the effective flux changes its signature between K and K' points, showing that there is only a shift and no splitting between the K and K' points like in the case of magnetic flux. Figure 2 contains the band edges as a function of the effective flux in the absence of the Coulomb interaction for a semiconducting tube with ν = 1. The results for ν = −1 are given by those with ν = +1 of the K' point in the presence of the magnetic flux. The band gap increases or decreases linearly in proportion to the strain depending on the signature of φ, the index n, and the structure specified by ν. For example, when the strain is such that it increases the first gap with n = 0, the second gap (n = +1 for the K point and n = −1 for the K' point) decreases with the strain. These behaviors, first predicted in a tight-binding model, 25, 26) are qualitatively in agreement with experiments. 20, 22, 32) In semiconducting tubes with ν = 1, to the lowest order in the strain, the excitation energies of the K and K' points for small flux is linear in φ/φ 0 , i.e., . The interaction tends to enhance the exciton (by 10-20 %) and band gap and the enhancement is slightly larger than that in the case of the AB flux. Presumably, this difference mostly comes from the difference in screening effects. In fact, when the band gap increases in the presence of φ, for example, the interaction effect is enhanced because of the reduction of interband screening in the strain case. On the other hand, this effect cancels each other between K and K' points in the case of a magnetic flux.
The optical intensity increases with the strain flux ϕ corresponding to the decrease of the optical energy. The amount of the shift is smaller than that in the case of magnetic flux in contrast to the result that the energy shift itself is larger. Quantitative comparison with experiments is not possible yet because of the presence of uncertainty in the exact value of the coupling parameter g 2 theoretically and in the exact amount of the lattice strain experimentally. §5. Discussion
The excitation energies are represented well by the form (2πγ/L){C 1 +C 2 ln[ε c (2πγ/L)
−1 ]} with fitting parameters C 1 and C 2 (C 2 C 1 ) determined by the Coulomb energy and independent of the diameter and the cutoff energy. The resulting band gaps and absorption energies are shown in Fig. 12 for several values of the effective Coulomb energy (e 2 /κL)(2πγ/L) −1 . It is noteworthy that the absorption energies are almost independent of the Coulomb energy as long as the interaction is not extremely small, which is clear also in Fig. 3 .
In the present k·p scheme the only remaining parameter is γ or γ 0 related to each other through γ = √ 3aγ 0 /2. Figure 13 shows the comparison of the calculated absorption energies with some of existing experiments 18−20) for γ 0 = 2.7 eV. It is concluded that the overall dependence on the circumference and the diameter is in good agreement with the experiments. It should be noted that γ needs not be same as that of 2D graphite obtained by the inclusion of interaction effects.
Experimental results depend on the chirality as well as the diameter, in particular, for thin nanotubes. In thin nanotubes various effects, neglected completely in the present approximation scheme, start to manifest themselves. First, the trigonal warping of the bands which increases when the energy is away from that at the K and K' point should be considered in thin nanotubes. In the k·p scheme warping can be incorporated by the inclusion of a higher order k·p term.
12) For the K point, for example, the Hamiltonian becomes
(5.1) with β being a dimensionless constant of the order of unity (β = 1 in a nearest-neighbor tight-binding model).
As shown in Appendix A, this trigonal warping tends to reduce the gap below for the first gap and enhance the gap above that of the lowest order result for ν = +1 with the amount proportional to cos 3η. The tendency is opposite for ν = −1. Further, the effective mass at a band edge is reduced or enhanced depending on ν and the correction is much larger than that of the gap.
Further, effects of a nonzero curvature should also be considered. The nonzero curvature causes a shift in the origin ofk x andk y in the k·p Hamiltonian.
58,60)
The shift in the axis y direction does not cause any appreciable effect. The shift in the circumference x direction can be replaced by an effective magnetic flux passing through the cross section, although the effective flux has a different signature between the K and K' points. This means that the curvature effect is exactly same as that of strain to the lowest order. For the K point, for example, it was estimated as 60) 60) The curvature effect is largest in zigzag nanotubes with η = 0.
For usual parameters, we have γ /γ ∼ 8/3 and therefore it is very difficult to make a reliable estimation of p although we can safely assume |p| < 1.
60) For example, the effective flux is φ/φ 0 ∼ 0.05 × p cos 3η for a typical nanotube with L ∼ 5 nm. For negative p, therefore, the first band gap tends to be reduced and the second gap enhanced for ν = +1 and the behavior is opposite for positive p. See Appendix B for more details on the band structure in the presence of a finite curvature.
The absorption energy is affected by the band-edge effective mass and the screening due to virtual interband transitions as well as the band gap itself. The dependence of the effective mass and the screening on ν and η tends to reduce that of the band gap, but its reliable estimation is not easy. There still remain considerable ambiguities theoretically in the parameters such as β and p and experimentally in the assignment of the exact structure of nanotubes. It is out of the scope of the present paper and left for a future work to study the exact dependence of the absorption energies on the chirality. It is certainly possible that observed dependence on ν and η is reproduced well by combination of effects of the trigonal warping and the finite curvature by appropriate choice of parameters. §6.
Summary and Conclusion
In this paper optical excitation and absorption spectra have been calculated in semiconducting nanotubes in the presence of magnetic flux and strain within the lowest order k·p scheme. The excitation energies show an extra logarithmic dependence on the diameter after being scaled by 2πγ/L, coming mainly from the cutoff energy for the self-energy shift for the band gaps. The exciton binding energy remains practically independent of the extra dependence. The ratio of the exciton absorption energies of the first and second bands decreases from 2 to ∼ 1.8 with the increase of the effective interaction parameter from (e 2 /κL)(2πγ/L) −1 = 0 to 0.25. The ratio ∼ 1.8 is in good agreement with experiments.
As a function of magnetic flux the absorption energies change following the band gap in the absence of the Coulomb interaction but remains always larger. Near crossing of two bands, excitons form bonding and antibonding combinations and a strong transfer of optical intensity occurs between them. The Aharonov-Bohm splitting in the case of small flux is enhanced by the interaction effect (5-10 % depending on the effective Coulomb energy).
The presence of a lattice distortion can be incorporated as an effective Aharonov-Bohm flux, although its signature is opposite between different K and K' points.
As a result the absorption energies of the K and K' points are shifted in proportion to the strain with equal amount. This shift is enhanced by the Coulomb interaction and the enhancement is slightly larger than that of the Aharonov-Bohm splitting due to magnetic flux (10-20 % depending on the effective Coulomb energy).
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Appendix A: Effects of Trigonal Warping
The Hamiltonian (5.1) gives the energy bands
with
It gives rise to the shift in the origin of k by ∆k which becomes maximum for η = π/6 (armchair nanotube). The band gap becomes
and the band-edge effective mass m * becomes
The correction of the effective mass is seven times as large as that of the band gap and they are both largest for η = 0 (zigzag nanotube). Figure 15 shows the band gap and effective mass of zigzag nanotubes obtained in the lowest order k·p approximation in the presence of curvature effects with (a) p = −0.5 and (b) p = +0.5. In the presence of finite curvature, the nanotube, metallic in its absence, becomes a narrow-gap semiconductor except in armchair nanotubes and the gap is largest in zigzag nanotubes. This fact is independent of the signature of the parameter p. In semiconducting nanotubes, however, effects for ν = +1 and ν = −1 become opposite depending on the signature of p.
Appendix B: Effects of Finite Curvature
A finite curvature gives rise to the shift ∆k of the wave vector in the axis direction. For the K point we have
Several first-principles calculations were reported on the band structure of nanotubes, which seems to show that the shift is quite sensitive to details of methods. In fact, Hamada et al 2) gave ∆k < 0 for (n a , n b ) = (12, 6) (so-called (6,6) armchair nanotube) and Mintmire et al 3) gave ∆k > 0 for (n a , n b ) = (10, 5) (so-called (5,5) tube). The situation is expected to be similar in the problem of the signature of p. 18, 19) and Bachilo et al. 20) ) are plotted using γ 0 = 2.7 eV. Fig. 15 (a)  Fig. 15 (b) 
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